Weyl photons appear when two three-dimensional photonic bands with linear dispersion are degenerate at a single momentum point, labeled as photonic Weyl point. These points have remarkable properties such as being robust topological monopoles of Berry curvature as well as an associated vanishing density of states. In this work, we study the quantum electrodynamical properties of emitters interacting with photons with such Weyl-like dispersion. For a single quantum emitter we find that, despite the smoothness of the density states, fractional decay is observed when the transition of the quantum emitter is tuned exactly to the Weyl point frequency. This can be explained by the emergence of a photonic bound state around the emitter. This bound state shows a power-law localization, due to the singular nature of the band-gap, which can be tuned thanks to the topological robustness of the Weyl points. Finally, we show that when many emitters couple to the bath, these bound states mediate coherent emitter interactions, leading to an effective spin Hamiltonian with non-trivial topological properties.
Weyl photons appear when two three-dimensional photonic bands with linear dispersion are degenerate at a single momentum point, labeled as photonic Weyl point. These points have remarkable properties such as being robust topological monopoles of Berry curvature as well as an associated vanishing density of states. In this work, we study the quantum electrodynamical properties of emitters interacting with photons with such Weyl-like dispersion. For a single quantum emitter we find that, despite the smoothness of the density states, fractional decay is observed when the transition of the quantum emitter is tuned exactly to the Weyl point frequency. This can be explained by the emergence of a photonic bound state around the emitter. This bound state shows a power-law localization, due to the singular nature of the band-gap, which can be tuned thanks to the topological robustness of the Weyl points. Finally, we show that when many emitters couple to the bath, these bound states mediate coherent emitter interactions, leading to an effective spin Hamiltonian with non-trivial topological properties.
Weyl fermions are solutions to the massless threedimensional Dirac equation originally (but wrongly) introduced to describe neutrinos [1] . Their exotic properties and elusiveness as elementary particles, settled a race for finding them in other physical systems, which culminated with their observation in TaAs semi-metals [2, 3] and doubly-gyroid three-dimensional photonic crystals [4] . In all the cases, the Weyl excitations appear as low-energy excitations when two linearly dispersive bands touch at a single-point in momentum space, the so-called Weyl-points [5] . These points attracted a lot of attention due to their unique topological properties, since they are monopoles of the Berry curvature field [6] , which are only annihilated by other monopole of opposite chirality. The consequences of such special points in solid-state realizations have been intensively studied, showing how they lead to a number of remarkable phenomena such as the AdlerBell-Jackiw chiral anomaly [7] and the anomalous quantum Hall effect [8] , among other effects [9, 10] . In the photonic case, the studies have mainly focused on the design of systems where to observe them [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] , and their implications in the context of topological photonics [23, 24] .
In parallel to these findings, the study of quantum electrodynamics (QED) in structured photonic reservoirs has also experienced a great boost with experimental advances in the integration of quantum emitters with nanophotonics [25] [26] [27] [28] or superconducting circuits [29, 30] , and the simulation of quantum optical phenomena with matter-waves [31] [32] [33] . A particularly fruitful area is the study of photonic band-gap structures [34] . These systems induce both non-Markovian quantum emitter (QE) dynamics [35] [36] [37] [38] [39] [40] [41] because of the nonanalyticities in the density of states, and the emergence of photon bound-states [42] [43] [44] [45] [46] [47] , which can be harnessed for quantum simulation of spin models with interactions featuring tunable range [48, 49] . In the conventional case, these coherent tunable interactions are obtained at expense of an exponential localization of the interactions, which can be circumvented with singular band-gaps [50, 51] , but so far paying the price of lack of tunability.
The combination of both fields, that is, the study of the QED of Weyl points, represents a very unique system which links both the physics of band-gaps and topological photonics, and which remains largely unexplored. In this Letter, we theoretically investigate the QED properties of photonic Weyl points by using a fully non-perturbative approach based on the resolvent operator method [52] . First, we investigate the decay dynamics of a quantum emitter coupled to a Weyl-like photonic reservoir. We show that, in contrast to the conventional wisdom, non-Markovian decay is obtained despite the smoothness of the density of states near Weyl points. In particular, fractional decay is observed when the emission frequency of the quantum emitter is tuned to the frequency of a Weyl point. We account for this finding in terms of the emergence of a light-matter bound state in the system. We characterize the real space photonic distribution of this bound state and find unique tunable power-law localization properties enabled by the topological robustness of the Weyl points. In addition, we show that in the case of many quantum emitters, it is possible to obtain an effective spin Hamiltonian displaying both tunable power-law interactions and non-trivial topological properties. Figure 1 (a) renders a schematic view of the considered system. It consists of a quantum emitter of transition frequency ω e interacting with a periodic cubic lattice of localized bosonic modes. The modes are coupled among them following the first-neighbor hopping pattern displayed in Fig. 1(a) , which leads to a two-sublattice structure (A/B sublattice, shown in blue/red in Fig. 1(a) ). We also assume that the system features a tunable sublattice frequency offset M, so the frequencies of the bosonic modes in sites A and B are ω A = ω W + M and ω B = ω W − M, respectively.
The full Hamiltonian of the system can be written as H = H e + H B + H I . H e describes the intrinsic dynamics of the QE, which assuming a two-level model ({|g , |e }) can be simply written as H e = ω e σ ee (along this manuscript we use the notation σ β γ = |β γ|, with {β , γ = e, g}, for the spin operator of the QE). bath (i.e., the Hamiltonian of the system without the QE)
where J denotes the nearest-neighbour hopping strength (see Fig. 1 (a)) and α r = a r /b r represent the annihilation operator of A/B sublattice modes, depending to the which sublattice the site r = (x, y, z) belongs to. We add a frequency offset M between the two lattices that can be used to tune the position of the Weyl points in reciprocal space, without opening a bandgap for M ∈ (−2J, 2J). At M = ±2J, the Weyls points with opposite chirality meet and a band-gap is opened. In k-space, H B can be expressed in diagonalized form as [53] . Here ω(k) is the dispersion relation of the bath and u k (l k ) represents the annihilation operator of the corrresponding upper (lower) band modes. Figure 1 (b) shows ω(k) as a function of {k x , k z }, calculated for k y = 0 and M = 0. As observed, four frequency-isolated single linear degeneracies (Weyl points) emerge at {k x , k z } = {±π/2, ±π/2} (we have chosen a rotating frame such that the Weyl-point frequency, ω W , becomes the origin of frequencies). Figure 1(c) displays the corresponding density of states (DOS), which shows the expected quadratic dependence in the vicinity of the Weyl point. As also seen, additional nonanalytic spectral regions, such as band-edges and Van Hove singularities are obtained in the DOS at frequencies departing from ω W , and that will not be the focus of this manuscript, but can also be source of non-trivial dynamics [51] . Finally, H I is the light-matter interaction term of H, H I = g (α r σ eg + H.c.), where g is the light-matter interaction strength. Note that H I assumes the QE to be coupled locally to a single bosonic mode (which, from now on we assume to belong to the A sublattice -similar results are expected if the QE couples to the B sublattice).
Next, we focus on calculating the overall wavefunction of the system, |ψ(t) . Assuming the initial state corresponds to having the QE in the upper energy level and the vacuum of photonic modes ( |vac B ), we can write the following anstaz for |ψ(t) ,
with C e (0) = 1 and C r,α (0) = 0 (for all r and α). To compute non-perturbatively the wavefunction, we use the resolvent operator method [52] . Within this approach, C e (t) can be computed as the Fourier-Laplace transform of the excited state Green's function, G e (z),
where
is socalled excited state's self-energy, which describes the effect of the studied bath on the QE. Once C e (t) is known, C r,α (t) can be calculated by substituting the overall system state into the Schrödinger equation and projecting over the corresponding photonic modes. The displayed results correspond to no frequency offset between sublattices (M = 0) and g = 0.5J . In these calculations, C e (t) has been computed from Eq. (2), both by direct numerical integration over the real axis and by using a contour integration in the complex plane (the physical relevance of the contour integration is discussed below). For comparison, the predictions from a perturbative approach, obtained by making Σ e (z) ≈ Σ e (∆) in Eq. (2), are also included (dashed lines).
As seen in Fig. 2(a) , both the perturbative and nonperturbative approaches predict that the decay of the QE emitter becomes slower as its transition frequency is closer to the Weyl point frequency (within a perturbative picture, this can be understood in terms of the decrease of the DOS as we approach ω W ). However, we also observe that for all considered values of ∆, the perturbative approach fails to reproduce the corresponding non-perturbative results. This discrepancy is most remarkable for ∆ = 0. In that case, the DOS and its first derivative are smooth near ω e , from which the predictions of Fermi's Golden rule (no decay of the QE) would be expected to hold [54] . Instead, our results show that after an initial decay, followed by a set of oscillations, |C e (t)| 2 settles down to a value smaller than 1. Previous works have interpreted this type of fractional decay [35] as the signature of a light-matter bound state associated to the presence of non-analytic gapped regions of the DOS in the close vicinity of ω e . Remarkably, the non-Markovian decay appears in this system near analytical spectral regions of the DOS.
To reveal the physical origin of this behavior, we analyze the result of performing the Fourier-Laplace transform of Eq. (1) by closing the integration contour in the lower half of the complex plane (Im(z) < 0), making the necessary detours to avoid the non-analytical regions of G e (z) (or equivalently, of Σ e (z)) [53] . By applying that approach, C e (t) can be expanded as C e (t) = ∑ j R j exp(−i z j t) + D(t), where z j (with j = 1, ..., n) are the poles of G e (z) (satisfying z j − ∆ − Σ e (z j ) = 0), and R j are their corresponding residues. The complex function D(t) represents the contribution of the above mentioned detours in the complex plane. For ∆ = 0, we found that G e (z) only features a pole at z 0 = 0 -note that a pole of the Green's function with no imaginary part is the canonical definition of an infinite life-time bound state. Thus, considering that the corresponding residue R 0 becomes the dominant contribution to C e (t) at long times (D(t) vanishes as t → ∞), the fractional decay observed in Fig. 2(a) can indeed be ascribed to the existence of this particular pole, and consequently to the existence of a bound state in the system. The oscillations of the excited state population seen in Fig. 2(a) at shorter times arise from the interference between the contribution of the pole and D(t). When ∆ departs from 0, the considered pole starts shifting into the lower part of the complex plane, which accounts for the increasingly rapid decaying dynamics shown in Fig. 2(a) as the detuning ∆ grows. Importantly, we have also found that for ∆ = 0 and M = 0 it is possible to obtain a closed expression for the dependence of the observed fractional decay as a function of g. Specifically, we found that an analytical expression for Σ e (z) in terms of elliptical functions [55] , together with the application of the residue theorem
As deduced from this analytical expression (whose predictions agree well with our numerical results for long times), the degree of fractional decay in the studied class of systems can be controlled just by modifying the ratio g/J. When g/J 1 we approximately recover Fermi's Golden rule prediction of C e (t) ≈ 1.
The emergence of a light-matter bound state associated to the described pole of G e (z) can be further demonstrated by investigating the real space distribution of the system's wavefunction for ∆ = 0 and long times (i.e., the bound state wavefunction |ψ BS ). Using the calculated amplitudes C e (t), along with the the secular equation H |ψ BS = E BS |ψ BS (with E BS = 0), we can compute the photonic probability amplitudes of the bound state at each lattice site, C BS r,α . Figure 2 (b) shows a 3D visualization of |C BS r,α | for a 20 × 20 × 20 lattice (the QE emitter is located at the center of the figure). Each localized photonic mode of the lattice is represented by a small cube. The color code of each cube corresponds to the relative magnitude of |C BS r,α | at position r of the lattice (as before, α = A, B; note however that in this figure we are not distinguishing between sublattices). In addition, for clarity, in Fig. 2(b) we have removed the lattice sites in which |C BS r,α | strictly vanishes. As shown, the photonic probability amplitude is indeed localized around the QE, which fully confirms the presence of a lightmatter bound state in the analyzed system. The distribution is mainly isotropic, although weak directionality can be observed along the x-, y-and z-directions.
To quantitatively characterize the real space distribution of the overall-system state, main panel of Fig. 3(a) displays the dependence along the z-direction of |C BS r,α | as a function of the distance from the emitter d. For the case of no offset between sublattices, M = 0 (cyan circles), the linear dependence shown in the log-log plot of Fig. 3(a) suggests a power-law decay with d. By fitting this dependence, we found that indeed a power-law 1/d 2 (dashed cyan line) matches well the numerical results. Remarkably, a unique feature arose from the analysis of the dependence with M of this spatial confinement: the variation of the sublattice frequency actually enables tuning the exponent of the observed power-law decay. To show this tunability, main panel of Fig. 3(a) also displays the results for M/J = 2 (magenta circles). In that case, a power-law 1/d 3 fits well the numerical results (see dashed magenta line). For intermediate values in-between M = 0 and M/J = 2, we observe a broad variety of different decay behaviors [53] . Thus, for instance, for the case of M/J = 1 we obtained that both 1/d 2 and 1/d 3 power-law decays coexist the same system (see inset of Fig. 3(a) ). For completeness, Fig. 3(b) displays the distribution of the probability amplitude C BS r,α between A and B sub- lattices (red and blue bars, respectively) in the vicinity of the QE for M/J = 1. Results along the three Cartesian directions are shown (we use the same normalization as in Fig. 3(a) ). As observed, the specific details of the studied distribution depends significantly on the particular direction we are considering. We emphasize again that this tunability is enabled by the fact the frequency off-set can change the system bandstructure without opening a band-gap for |M| < 2J, because the Weyl points are only annhilated when they meet another one with opposite chirality. This bound-state power-law tunability has not been reported before, to our knowledge, in any other structured photonic reservoir. One of the possibilities opened by the emergence of such bound states is the possibility to mediate coherent interactions when many QEs are coupled to the bath [48, 49, 56] . Assuming one QE per lattice site and ω e = ω W for all emitters, under the Born-Markov approximation the dynamics of the QEs can be described by the effective spin Hamiltonian [57] H spin = ∑ j j J αα j j σ represents the interaction between the pair of emitters j and j (α, α = A/B denotes the sublattice to which the corresponding emitter belongs to). σ j β γ is the spin-operator of the j-th QE. We note here that although the Born-Markov approximation is not strictly valid in the regime studied in this work, we expect it to be a good ap-proximation when g J, as it also happens with the single QE behaviour [53] . The exact study of this configuration will be presented elsewhere.
To analyze numerically the obtained effective spin Hamiltonian, we calculated J αα j j for different values of the sublattice frequency offset. We found that J αα j j inherits the dependence with distance characterizing the decay of |C BS r,α | (e.g., along z we found power-law emitter-emitter interactions ∼ 1/d 2 and ∼ 1/d 3 , for the case of M=0 and M/J=2, respectively). To study the effect of such long-range interactions in H spin , we computed the associated dispersion relations as a function of the number of neighbours included in H spin (which we quantified through the distance s of the farthest neighbour from any given emitter). Figures 4(a) , 4(c), and 4(e) display the calculated dispersions along k z (assuming k x = π/2 and k y =0) for M = 0, M/J = 1 and M/J = 2, respectively. In the three cases, we observe that indeed, due to the long range of the interactions, the dispersion is rather sensitive to s (we expect convergence with s by including enough terms in H spin ). However, both for M = 0 and M/J = 1 we see an apparent crossing between the bands, whose location rapidly converges with s (no band crossing is observed for M/J = 2). By analyzing the dispersion in all k-directions around these crossings, we found that they are actually Weyl points. This is corroborated by the distribution of the Berry curvature in the vicinity of these degeneration points. Fig. 4(f) shows the results M/J = 2 in which no Weyl points are present). Thus, we conclude that the effective spin Hamiltonian inherits the non-trivial topological properties of the photonic Weyl-point bath underlying the interaction between the QEs. This opens the path for alternative ways of probing Weyl physics measuring the QE properties.
In conclusion, we have presented a detailed nonperturbative analysis of the quantum emitter dynamics induced by photonic Weyl points. We have predicted that nonMarkovian fractional decay can be observed in the dynamics of a QE coupled to a Weyl-like structured reservoir whenever the QE's emission frequency is tuned to the frequency of a photonic Weyl point. We have shown that this unexpected behavior is the signature of the emergence of a light-matter bound state in the system. Remarkably, we have demonstrated that this bound state features a unique tunable power-law confinement in real space due to the topological protection of the Weyl points. Furthermore, we have found that in the case of many quantum emitters, an effective spin Hamiltonian displaying non-trivial topological properties can be obtained. We believe that the present work could stimulate further theoretical and experimental research on the quantum electrodynamics of 3D topological photonic systems.
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